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We investigate the two-photon scattering properties of a Jaynes-Cummings (JC) nonlinearity
consisting of a two-level system (qubit) interacting with a single mode cavity, which is coupled to two
waveguides, each containing a single incident photon wave packet initially. In this scattering setup,
we study the interplay between the Hong-Ou-Mandel effect arising due to quantum interference
and effective photon-photon interactions induced by the presence of the qubit. We calculate the
two-photon scattering matrix of this system analytically and identify signatures of interference and
interaction in the second order auto- and cross-correlation functions of the scattered photons. In
the dispersive regime, when qubit and cavity are far detuned from each other, we find that the
JC nonlinearity can be used as an almost linear, in-situ tunable beam splitter giving rise to ideal
Hong-Ou-Mandel interference, generating a highly path-entangled two-photon NOON state of the
scattered photons. The latter manifests itself in strongly suppressed waveguide cross-correlations
and Poissonian photon number statistics in each waveguide. If the two-level system and the cavity
are on resonance, the JC nonlinearity strongly modifies the ideal HOM conditions leading to a smaller
degree of path entanglement and sub-poissonian photon number statistics. In the latter regime, we
find that photon blockade is associated with bunched auto-correlations in both waveguides, while a
two-polariton resonance can lead to bunched as well as anti-bunched correlations.
PACS numbers: 42.50.Pq, 42.79.Fm, 42.79.Gn, 11.55.Ds
I. INTRODUCTION
The Hong-Ou-Mandel (HOM) effect [1] lies at the heart
of linear optical quantum computing [2, 3] and is utilized
to test the degree of indistinguishability of photons as
well as the quality of single photon sources. Convention-
ally, the HOM effect is demonstrated as a two-photon
interference effect at a linear 50/50 beam splitter: when
two indistinguishable photon wave packets impinge on
the beam splitter from two different waveguides, they
form an entangled two-photon NOON state with both
photons in the same output waveguide which produces a
characteristic dip in the coincidence probability of find-
ing photons in both waveguides simultaneously. This de-
structive interference is complete only for indistinguish-
able photons with equal energy and zero time delay. Any
deviation from the ideal conditions leads to a diminishing
of the dip, which thus constitutes a measure for indistin-
guishability.
The HOM effect has been demonstrated experimen-
tally using parametric down conversion [1] and pulsed
single photon sources operating at optical frequencies [4–
8]. Recently, the HOM effect has attracted new atten-
tion in the context of waveguide and circuit QED [9–12],
where it was demonstrated with unprecedented precision
for microwave photons as well [13, 14], using recently de-
veloped microwave single photon sources and beam split-
ters. This development paves the way for all-integrated
linear optical quantum computing at microwave frequen-
cies.
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FIG. 1: Schematic of the scattering setup with a qubit-cavity
system interacting via the light-matter interaction strength g
and directly connected to two transmission lines giving rise to
a cavity decay rate κ = 2pig2w. We consider two single-photon
wave packets with spatial width v/ξ impinging on the cavity
from two different directions, e.g., emitted by two independent
single photon sources [16, 17].
In all experiments so far, the central element of the
HOM effect, i.e., a 50/50 beam splitter, was based on a
linear and static device, whose single-photon transmis-
sion and reflection probabilities (which are constant over
a broad range of frequencies) are fixed by the manufac-
turing process. From an experimental point of view it
would be desirable to also utilize beam splitters with in-
situ tunable reflection and transmission probabilities.
In this paper we study theoretically two-photon scat-
tering at a Jaynes-Cummings nonlinearity [15], i.e., a
coupled qubit-cavity system, connected directly to two
transmission lines. Such a scattering setup is readily re-
alizable using state of the art circuit QED technology.
Hereby, the transition frequency of the two-level system
(qubit) is a flux-tunable parameter, which allows to en-
ergetically shift the effective single-photon resonances of
2the qubit-cavity system. Due to the finite width of the
resonances induced by the coupling to the transmission
lines, one can fine-tune the single photon transmission
and reflection probabilities of the scattering target. The
Jaynes-Cummings nonlinearity may thus act as an in-
situ tunable beam splitter in a waveguide QED setup.
This tunable beam splitter works best for energies of the
incoming photons with a bandwidth ξ smaller than the
cavity decay rate κ. In circuit QED, this condition can
be satisfied by using a driven qubit-cavity system as a
single photon source [16, 17] which couples more weakly
to the waveguide (leading to sharp wave packets) than
the beam splitter cavity.
In addition, the two-level system introduces a non-
linearity into the system, which may modify the ideal
HOM conditions. Here, we investigate in detail the in-
terplay between the two-photon interference and effective
photon-photon interactions in a Jaynes-Cummings sys-
tem. For this purpose, we utilize an analytic scattering
matrix approach recently developed for a two-level sys-
tem embedded in a chiral photonic waveguide [18]. Based
on this analytic approach, we derive the exact two-photon
scattering matrix of the proposed setup and identify ex-
perimentally measurable signatures of the HOM effect
and effective photon-photon interactions in the second-
order cross- and auto-correlation functions of the two out-
put modes. In the dispersive regime, i.e., when the two-
level system and the cavity are far detuned from each
other, the Jaynes-Cummings nonlinearity gives rise to a
qubit-like and a cavity-like scattering resonance. In the
vicinity of these resonances, the two-photon scattering
matrix of a qubit and a Kerr-like nonlinearity, previously
studied in the context of the HOM effect [11], are derived
as limiting cases.
II. MODEL
Figure 1 shows the scattering setup considered in this
paper. The total Hamiltonian of this system is given by
H =HJC +Hw + V (1)
with the Jaynes-Cummings Hamiltonian
HJC = ωcb†b + ωqσ+σ− + g(b†σ− + bσ+) (2)
describing the coupled qubit-cavity system, we set h̵ = 1.
The Hamiltonian Hw of the transmission lines describes
photons in chiral states (see Fig. 1) with linear dispersion
ν = vk with wavevector k > 0 and velocity v, i.e.,
Hw = ∑
i=1,2
∫ dν ν a†iνaiν , (3)
which linearly couple to the scatterer via
V = gw ∑
i=1,2
∫ dν (b†aiν + h.c.) . (4)
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FIG. 2: (a) Energy level diagram of the Jaynes-Cummings
Hamiltonian showing the upper/lower one- and two-polariton
resonances ε1σ and ε2σ defined in Eq. (7) for zero detuning
(δ = 0) on the left and for large positive detuning (δ > 0)
on the right. Dashed lines correspond to the two-photon en-
ergies 2Ω
(1,2)
σ defined in Eq. (15) leading to the ideal HOM
effect for sharp wave packets with ξ → 0. Dotted lines corre-
spond to the two-polariton energies ε2σ and 2ε1σ as a func-
tion of detuning δ. Their difference measures the nonlinearity
in the Jaynes-Cummings spectrum U = ε2σ − 2ε1σ. (b) The
single-photon transmission probability (i.e., transmission to
the other waveguide) Tν = ∣tν ∣
2 exhibits two Lorentzian res-
onances located approximately around the two-level system
frequency ωq and the cavity frequency ωc in the dispersive
regime with ∣δ∣ = ∣ωc − ωq ∣ ≫ g. The energies Ω
(1,2)
σ corre-
spond to ideal HOM conditions with Tν = Rν = 1/2 (where
Rν = ∣rν ∣
2 denotes the reflection probability and we have cho-
sen κ/g = 0.1).
Here, we have introduced the cavity photon operator b
and the operators aiν describing photons with energy ν
in waveguide i. The two-level system, described by the
raising/lowering operators for a two-level system σ±, in-
troduces a nonlinearity into the system due to the light-
matter coupling ∼ g. In our model, we neglect a coupling
of the two-level system to other modes of the system and
3environment, because the associated spontaneous emis-
sion rates can be engineered to be several orders of magni-
tude smaller than the qubit-cavity coupling g and cavity
decay rate κ = 2pig2w to the leads (for typical parameter
values in circuit QED systems, see Ref. [19]).
The scattering resonances are determined by the eigen-
states of the Jaynes-Cummings Hamiltonian: The ground
state ∣ψ0⟩ = ∣0, ↓⟩ consists of zero photons in the cavity
and the two-level system in its ground state with energy
ε0 = 0. The excited states (n > 0) are
∣ψn+⟩ = cos θn
2
∣n − 1, ↑⟩ + sin θn
2
∣n, ↓⟩, (5)
∣ψn−⟩ = − sin θn
2
∣n − 1, ↑⟩ + cos θn
2
∣n, ↓⟩, (6)
with the angle tan θn = −2g√n/δ and the detuning δ =
ωc −ωq. They correspond to n excitations, i.e., polariton
quasi-particles, which form a superposition of the state∣n, ↓⟩ with n photons in the cavity and the two-level sys-
tem in the ground state and the state ∣n−1, ↑⟩ with (n−1)
photons in the cavity and the two-level system in the ex-
cited state. The corresponding energies are given by
εn± = nωc − δ/2 ±√(δ/2)2 + ng2. (7)
The JC eigenenergies give rise to single-photon scattering
resonances with Lorentzian peaks at ε1± as a function
of incoming photon energy. Due to the coupling to the
waveguide, the cavity states also attain a finite lifetime
∼ 1/κ with κ = 2pig2w. In the next section, we will derive
explicit expressions for the single-photon and two-photon
scattering matrix of this system.
III. SCATTERING FORMALISM
We consider the generic situation, where an initial one-
or two-photon state ∣ψin⟩ is prepared inside the wave-
guides at tin = −∞, interacts (scatters) at the Jaynes-
Cummings nonlinearity and is observed as the out-going
state ∣ψout⟩ in a photon detector at tout = +∞. The rela-
tion between the initial and the scattered state is given
by the S-matrix, i.e.,
∣ψout⟩ = S∣ψin⟩ with S = T exp[−i∫ ∞
−∞
V (t)dt] . (8)
Here, we have written the coupling Hamil-
tonian in the interaction representation, i.e.,
V (t) = exp(iH0t)V exp(−iH0t) with H0 =HJC +Hw.
In the following, we will need the one-photon S-matrix
(for the scattering at an empty cavity/qubit, i.e., void of
excitations) written in a Fock state basis as
P0S
(1)P0 = P0 ⨋ Sijν′ν a†iν′ajν (9)
with matrix elements Sijν′ν = ⟨0∣aiν′S(1)a†jν ∣0⟩. Here∣0⟩ ≡ ∣ψ0⟩ ⊗ ∣0⟩w is the state void of excitations, i.e., no
photons in cavity and waveguide, and the two-level sys-
tem residing in its ground state; P0 = ∣ψ0⟩⟨ψ0∣ is the pro-
jector onto the dark state of the cavity, i.e., ∣ψ0⟩ = ∣0, ↓⟩.
The symbol ⨋ = ∑ij ∫ν′ν denotes summation (integra-
tion) over all arabic (greek) indices. Similarly, the two-
photon scattering matrix is defined as
P0S
(2)P0 =
P0
4
⨋
1
⨋
2
Si1i2j1j2
ν′
1
ν′
2
ν1ν2
a†
i1ν
′
1
a†
i2ν
′
2
aj1ν1aj2ν2 , (10)
with Si1i2j1j2
ν′
1
ν′
2
ν1ν2
= ⟨0∣ai2ν′2ai1ν′1S(2)a†j1ν1a†j2ν2 ∣0⟩.
Both, single- and two-photon scattering matrix ele-
ments are calculated in App. A by making use of the
formalism developed in Ref. 18 [26]. For the single pho-
ton matrix elements in (9) we obtain
S11ν′ν = S
22
ν′ν = rνδ(ν′ − ν), (11)
S12ν′ν = S
21
ν′ν = tνδ(ν′ − ν), (12)
with the reflection (= scattering to the same waveguide)
amplitude
rν =
(ν − ωq)(ν − ωc) − g2(ν − ωq)(ν − ωc + iκ) − g2 (13)
and the transmission (= scattering to the other wave-
guide) amplitude
tν =
−iκ(ν − ωq)(ν − ωq)(ν − ωc + iκ)− g2 . (14)
The reflection amplitude vanishes for ν = ε1,±, giving rise
to resonances in transmission, see Fig. 2(b). The one-
photon resonance energies and widths are determined by
ε˜1,± which is obtained from ε1,±, cf. Eq. (7), by replac-
ing the cavity frequency ωc by ω˜c = ωc − iκ (and corre-
spondingly replacing the detuning δ by δ˜ = δ − iκ; the n-
excitation resonances ε˜n,± are defined in the same way).
For large positive detuning δ ≫ g, the upper polariton
resonance at ε1,+ is cavity-like with a width κ, while the
lower polariton resonance at ε1,− is qubit-like with an
effective width κg2/δ2.
In the context of the Hong-Ou-Mandel effect it is also
useful to define the single-photon energies
Ω(1,2)σ =
1
2
(ωc + ωq ± κ + σ√(δ ± κ)2 + 4g2) , σ = ± ,
(15)
where the single-photon transmission and reflection prob-
abilities are equal to 1/2, corresponding to a 50/50 beam
splitter operation, see Fig. 2(b).
The two-photon scattering matrix in (10) is of the form
Si1i2j1j2
ν′
1
ν′
2
ν1ν2
= Si1j1
ν′
1
ν1
Si2j2
ν′
2
ν2
+ Si2j1
ν′
2
ν1
Si1j2
ν′
1
ν2
+ iT (2)
ν′
1
ν′
2
ν1ν2
. (16)
The first two terms describe two uncorrelated single pho-
ton scattering events as obtained from Eqs. (11) and (12).
4The third term on the r.h.s of Eq. (16) describes the non-
trivial two-photon scattering process described by the T -
matrix element
T (2)
ν′
1
ν′
2
ν1ν2
= δ(ν′1 + ν′2 − ν1 − ν2)κ2g4pi (ν1 + ν2 − ε˜1,+ − ε˜1,−)∏α=±(ν1 + ν2 − ε˜2,α)
× ∏α=±(ν1 + ν2 − 2ε˜1,α)∏i=1,2∏α=±(ν′i − ε˜1,α)(νi − ε˜1,α) . (17)
Note that the T -matrix elements do not depend on the
waveguide indices due to the symmetric coupling of the
two transmission lines. The results in (9)-(17) are con-
sistent with those derived in Ref. [15] (using a different
approach) and enable us to calculate the wavefunction
as well as photon statistics in the output modes for arbi-
trary incoming states containing up to two photons. In
the next section we apply these results to the specific
situation depicted in Fig. 1 with two single-photon wave
packets approaching the cavity in different waveguides.
IV. HONG-OU-MANDEL EFFECT
The Hong-Ou-Mandel effect [1] is a two-particle-
interference effect describing the spatial bunching of two
indistinguishable photons which arrive at the same time
at an ideal 50/50 beam splitter from two different in-
coming arms and always end up in the same outgoing
arm. The effect is fundamentally related to the bosonic
exchange properties of the photons. In the following, we
will discuss such a Hong-Ou-Mandel (HOM) effect for
two photon scattering at a JC nonlinearity. As discussed
above, the single-photon scattering characteristics of a
JC nonlinearity provide equal transmission and reflection
probability at energies Ω
(1,2)
± (around the two polariton
energies ε1,±) such that the cavity-qubit system may act
as an ideal 50/50 beam splitter. However, due to the
finite width of the photon wave packets, the ideal beam
splitter conditions can only be satisfied for one spectral
component of the wave packets. Furthermore, the non-
linearity of the JC system induced by the coupling of the
photons to the two-level system modifies the two-photon
scattering properties compared to a linear 50/50 beam
splitter. Both finite wave packet width and nonlinearity
may wash out the quantum interference leading to the
HOM effect and thus will be investigated in detail in the
following.
In order to investigate the HOM effect, we consider
two photons incoming in different waveguides described
by the (normalized) incoming state
∣ψin⟩ =∬ dν1dν2f (1)ν1 f (2)ν2 a†1ν1a†2ν2 ∣0⟩ (18)
with the function f (i)ν describing the incoming photon
wave packet in lead i = 1,2, satisfying ∫ dν∣f (i)ν ∣2 = 1. The
outgoing state after scattering is related to the incoming
state via ∣ψout⟩ = S∣ψin⟩ which leads to
∣ψout⟩ = ∣ψ11out⟩ + ∣ψ22out⟩ + ∣ψ12out⟩ (19)
=∬ dν1dν2f (1)ν1 f (2)ν2
× ⎛⎝12∬ dν′1dν′2S11,12ν′1ν′2,ν1ν2a†1ν′1a†1ν′2 ∣0⟩
+ 1
2
∬ dν′1dν′2S22,12ν′
1
ν′
2
,ν1ν2
a†2ν′
1
a†2ν′
2
∣0⟩
+∬ dν′1dν′2S12,12ν′
1
ν′
2
,ν1ν2
a†1ν′
1
a†2ν′
2
∣0⟩⎞⎠
with three contributions; the first two contributions de-
scribe two photons scattered into the same waveguide
and the third contribution describes the scattering into
different waveguides. The HOM effect arises if the lat-
ter contribution ∣ψ12out⟩ vanishes. We thus define a HOM
parameter
γ = ⟨ψout∣n1n2∣ψout⟩ = ⟨ψ12out∣ψ12out⟩ , (20)
with ni = ∫ dνa†iνaiν which yields the coincidence proba-
bility of finding one photon in the left and one photon in
the right waveguide. Thus, γ = 0, corresponds to a super-
position of two states, one with both photons in the left
and one with both photons in the right waveguide, i.e.,
a two photon entangled NOON state with respect to the
waveguide degrees of freedom. Using Eq. (19), we obtain
from (20)
γ =∬ dν′1dν′2∣∬ dν1dν2S12,12ν′
1
ν′
2
,ν1ν2
f (1)ν1 f
(2)
ν2
∣2. (21)
In the following, we will consider Lorentzian wave packets
described by
f (i)ν =
√
ξ
2pi
e−iν(t−ti)
ν − ν0i + iξ/2 (22)
around energies ν0i > 0 with width ξ. The times ti corre-
spond to the instants when the fronts of the wave packets
reach the mirrors of the cavity, such that the time delay
between them is given by ∆t = t1 − t2. The integrals
in Eq. (21) can be calculated analytically which results
in explicit algebraic expressions for the HOM parameter,
which, however, are rather lengthy and thus have been
omitted here for brevity.
Figure 3 shows the behavior of the HOM parameter
γ as obtained from the exact calculation of Eq. (21)
for ∆t = 0 and equal energies of the incoming photons
ν01 = ν02. Before discussing these results in detail, it is
instructive to separate uncorrelated and correlated con-
tributions in Eq. (21). From the result for the two-photon
scattering matrix in (16), we can rewrite
γ =∬ dν′1dν′2∣A12ν′
1
,ν′
2
∣2 (23)
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FIG. 3: (a) HOM parameter γ (defined in Eq. (20)) as
a function of the detuning δ and the two-photon energy
e0 = ν01 + ν02 − 2ωc (defined relative to the cavity frequency)
for κ/g = 0.1 and ξ/κ = 0.1. (b) Inset in (a) (black box)
together with the two photon energies depicted in Fig. 2(a)
(dashed, 2Ω(1,2)+ , and dotted lines, 2ε1,+ and ε2,+, with the
same notation as in Fig. 2(a)). Thin horizontal and vertical
lines correspond to the cuts in (c) and (d), see below. (c)
Cuts through (b) at constant two-photon energy e0/g = 1 for
wave packets of width ξ/κ = 0.1 (black) and ξ/κ = 1 (light gray
lines). The dotted lines correspond to the linear approxima-
tion (for ξ/κ = 0.1), where correlation contributions due to the
T -matrix elements in Eq. (26) are neglected. Vertical arrows
correspond to the detuning for which ν01+ν02 = 2Ω
(1,2)
+ (ideal
HOM conditions). (d) Cuts through (b) at constant detuning
δ = 0.5g (upper panel) and δ = 2g (lower panel).
with
A12ν′
1
,ν′
2
= A12,lin
ν′
1
,ν′
2
+ Cν′
1
,ν′
2
(24)
where
A12,lin
ν′
1
,ν′
2
= tν′
1
tν′
2
f (1)
ν′
1
f (2)
ν′
2
+ rν′
1
rν′
2
f (1)
ν′
2
f (2)
ν′
1
(25)
and
Cν′
1
,ν′
2
= i∬ dν1dν2T (2)ν′
1
ν′
2
,ν1ν2
f (1)ν1 f
(2)
ν2
. (26)
In the linear approximation, we neglect the contributions
in (23) arising from the T (2)-matrix. Assuming further-
more infinitely sharp wave packets ξ ≪ κ as well as zero
initial energy detuning, i.e., ν01 = ν02 = ν0, and zero time
delay ∆t = 0, we can write the HOM parameter in a
simplified form as
γlin =∬ dν′1dν′2∣A12,linν′
1
,ν′
2
∣2
= ∏
σ=±
(2ν0 − 2Ω(1)σ )2(2ν0 − 2Ω(2)σ )2∣2ν0 − 2ε˜1,σ∣4 (27)
with Ω
(1,2)
σ defined in Eq. (15). As expected, the result of
the linear approximation in (27) predicts perfect HOM-
like interference with γlin = 0 for infinitely sharp wave-
packets at the single-photon energies ν01 = ν02 = Ω
(1,2)
σ
where ideal 50/50 beam splitter conditions prevail, see
Fig. 2.
Figure 3(a) shows γ for non-ideal but favorable con-
ditions κ/g = 0.1 and ξ/κ = 0.1. The energies Ω(1,2)σ ,
located around the one-polariton energy ε1,σ, give rise to
a double dip feature in Fig. 3(a) [cf. zoom in Fig. 3(b)
and cuts in Fig. 3(d)]. For large detuning δ ≫ g, we find
two well separated (approximately by κ) dips for pos-
itive (negative) detuning around the upper (lower) po-
lariton resonance. For negative (positive) detuning the
two HOM features around the upper (lower) polariton
resonance are very sharp and separated by κg2/δ2 only.
The two dips merge into one dip due to finite wave packet
width for ξ ≲ κg2/δ2 and are completely washed out for
ξ > κg2/δ2. Figure 3(b) shows a good agreement be-
tween the exact result as obtained from (21) and the dip
location predicted from the linear approximation as dis-
cussed above. In fact, the outgoing state with the highest
degree of path-entanglement (smallest value of γ) is al-
ways found for the ideal HOM conditions (dashed lines in
Fig. 3(b)) independent of the detuning. The overall de-
gree of entanglement, however, becomes maximal (γ ≈ 0)
only in the dispersive regime. Additionally, one observes
a dipole-induced-transparency like (DIT like) effect [20]
with ∣tν ∣ ≈ 1 if the photons are tuned into resonance with
the one-polariton state 2ν0 ≈ 2ε1+ (upper dotted line in
3(b)) leading to an almost non-entangled out-state with
one photon in each waveguide similar to the incoming
state (γ ≈ 1).
Figures 3(c) and 3(d) represent cuts through the inset
in 3(b) at fixed energy (c) and detuning (d) of the incom-
ing photons. Both parameters can be used to tune in or
out of the HOM-like interference. Correlation effects at-
tributed to the difference between solid and dotted lines
in 3(c) and 3(d) come into play for small detuning and
wash out the HOM effect, but are irrelevant in the dis-
persive regime with moderately large detuning. We also
note that for broad wave packets with ξ ∼ κ (gray curve)
the HOM interference is washed out independent of the
detuning. This is due to the fact that ideal beam splitter
conditions with 50/50 transmission/reflection probabil-
ity can only be achieved for infinitely sharp wave packets
with ξ → 0, otherwise not all parts of the wave packet
are scattered with equal probabilities as mentioned at
the beginning of this section.
6The reason for the different behaviour at positive (neg-
ative) detuning in Figure 3 is due to the change of
the qubit/photon nature of the one-polariton resonance:
with increasing positive (negative) detuning, the lower
(upper) polariton resonance becomes more qubit (pho-
ton) - like and is thus strongly decoupled from (cou-
pled to) the photon scattering and interference process,
which leads to the HOM effect. More specifically, in the
strongly dispersive limit corresponding to large positive
detuning δ ≫ g with θn → pi− in (5), the polariton state∣ψ1+⟩ becomes photon-like, i.e. ∣ψ1+⟩ → ∣1, ↓⟩, while the
state ∣ψ1−⟩ becomes qubit-like, i.e., ∣ψ1−⟩ → ∣0, ↑⟩. For
large negative detuning −δ ≫ g with θn → 0+, the situa-
tion is reversed: ∣ψ1+⟩ → ∣0, ↑⟩, ∣ψ1−⟩ → ∣1, ↓⟩.
In the limit δ ≫ g (−δ ≫ g), photons with energies
around ε1+(ε1−) effectively scatter at a Kerr non-linearity
described by the Hamiltonian HKerr = ω¯cb
†b+(U/2)b†b†bb
with energy ω¯c ≈ ωc + g2/δ − g4/δ3 and a weak non-
linearity U ≈ −2g4/δ3, where the polaronic shift in the
energy as well as the non-linearity are induced by the
presence of the two-level system. Note that sign(U) is
opposite to sign(δ). On the other hand, photons with
energies around ε1−(ε1+) scatter mostly at the weakly
coupled two-level system with transition frequency ω¯q ≈
ωq − g2/δ + g4/δ3, where the weak coupling gives rise to a
small width κ¯ ≈ κg2/δ2.
The single-photon and two-photon scattering matrices
of the JC nonlinearity given by Eqs. (13), (14), and (17)
simplify to the scattering matrices of a Kerr nonlinearity
[24] resp. a two-level system [22] (TLS) in the corre-
sponding energy ranges (2ν0 ≈ 2ωq resp. 2ν0 ≈ 2ωc) at
large detuning, as shown in App. B. Making use of these
scattering matrices, we may calculate the HOM coeffi-
cient γ from Eq. (21) in the Kerr regime, yielding
γ = 1 − (2κ)2U[2e0cξ +U(2κ + 3ξ)]
ξ[e20c + (2κ + 3ξ)2] (U2 + 4ξ2)
+ 2(2κ)
2e0cξ − [2ξ2 + (2κ)ξ − (2κ)2](2κ)U
ξU[e20c + (ξ + (2κ))2]
+ 4ξ(2κ)
2[(ξ − (2κ))U − 2e0cξ]
U[U2 + 4ξ2][(e0c −U)2 + (ξ + 2κ)2] , (28)
with e0c = ν01 + ν02 − 2ω¯c. In the TLS regime, we obtain
γ = 1 + −2iκ¯
e0q + i(2κ¯ + ξ) +
(−2iκ¯)2
(e0q + i(2κ¯ + ξ))(e0q + i(2κ¯ + 3ξ))
+ 2iκ¯
e0q − i(2κ¯ + ξ) +
(2iκ¯)2
(e0q − i(2κ¯ + ξ))(e0q − i(2κ¯ + 3ξ))
(29)
with e0q = ν01 +ν02 −2ω¯q. These simple expressions show
good agreement with the HOM features in the dispersive
limit in the corresponding energy regimes.
V. CORRELATIONS
The HOM parameter γ discussed in the previous sec-
tion is rather difficult to measure directly. Instead, it
is more convenient to study the second-order correlation
function
G
(2)
ij (τ) =∫ dt⟨a†ix(t)a†jx(t + τ)ajx(t + τ)aix(t)⟩ (30)
where
aix(t) = 1√
2pi
∫ dνe−iν(t−x/v)aiν , (31)
represents the photon annihilation operator at a par-
ticular position x → +∞ in waveguide i (such that
G
(2)
ij (τ) is independent of position) and v is the photon
group velocity. Here and in the following, expectation
values are calculated with respect to the outgoing state
⟨⋅⟩ = ⟨ψout∣ ⋅ ∣ψout⟩.
It is straightforward to show that the cross correla-
tion function G
(2)
12 (τ) is related to the Hong-Ou-Mandel
parameter by simple integration, i.e.,
∫ dτ G(2)12 (τ) = ⟨n1n2⟩ = γ . (32)
For a perfect HOM interference, both photons end up in
the same waveguide and thus the cross correlation func-
tion vanishes altogether.
By integrating the auto-correlation function G
(2)
11 (τ)
over time, one obtains the difference between the second
and the first moment of the photon number distribution,
i.e.,
∫ dτG(2)11 (τ) = ⟨n1 (n1 − 1)⟩ = ⟨n21⟩ − ⟨n1⟩. (33)
In the special case of two indistinguishable photons with
zero time delay and zero energy detuning, there is a per-
fect symmetry between waveguide 1 and 2 which leads
to ⟨n1⟩ = ⟨n2⟩ = 1 and ⟨n21⟩ = ⟨n22⟩. Furthermore, making
use of ⟨(n1 + n2)2⟩ = 4, we find ⟨n21⟩ = 2 − γ and corre-
spondingly
⟨∆n21⟩ = ⟨n21⟩ − ⟨n1⟩2 = 1 − γ. (34)
Note that the expressions in (33) and (34) are identical
in this special case. Thus, in this case, perfect HOM
interference (γ = 0) is associated with a Poissonian pho-
ton number distribution characterized by ⟨∆n21⟩ = ⟨n1⟩,
while any deviations from the ideal HOM conditions
lead to sub-poissonian statistics with ⟨∆n21⟩ < ⟨n1⟩
(no super-poissonian statistics is possible for the two
photon scattering considered here). The time-integrated
auto-correlation function thus also serves as a useful
measure for the degree of path entanglement generated
by the HOM effect.
7Making use of the outgoing state Eq. (19), we find
G
(2)
ij (τ) = 12pi ∫ dE ∣∫ d∆e
i∆τAij
E/2+∆,E/2−∆
∣2 (35)
with Aij
ν′
1
,ν′
2
= Aij,lin
ν′
1
,ν′
2
+ Cν′
1
,ν′
2
, where
A11,lin
ν′
1
,ν′
2
= rν′
1
tν′
2
f (1)
ν′
1
f (2)
ν′
2
+ tν′
1
rν′
2
f (1)
ν′
2
f (2)
ν′
1
(36)
and A12,lin
ν′
1
,ν′
2
and Cν′
1
,ν′
2
defined in Eqs. (25) and (26). The
expression (35) can again be evaluated analytically. In
Fig. 4 and Fig. 5 we show the normalized second-order
correlation functions
g
(2)
ij (τ) =
G
(2)
ij (τ)
G
(2)
ij,∞
, (37)
where
G
(2)
ij,∞ = lim∆t→∞
[G(2)ij (τ =∆t) +G(2)ij (τ = −∆t)] (38)
denotes the uncorrelated contribution to G
(2)
ij obtained
from an incoming state with a large time delay ∆t ≫
1/ξ between the two wave packets describing the case of
independent scattering of two distinguishable (classical)
particles.
The correlation functions g
(2)
ij (τ) are affected by both,
the statistical nature of the photons as well as correlation
effects induced by the non-linearity. In the following, we
will first describe the signatures of the HOM effect in the
cross correlation function and then discuss correlation
effects due to the Jaynes-Cummings nonlinearity.
A. Signatures of HOM interference
Figures 4(a) and (b) show that the HOM effect at
2ν0 ≈ 2Ω
(1,2)
σ (dashed lines) manifests itself as a sup-
pression of the cross correlations at zero time-delay with
g
(2)
12 (0) ≈ 0 only in the dispersive regime (∣δ∣ ≫ g) for
upper polaritons at positive detuning (δ > 0) and lower
polaritons at negative detuning (δ < 0), where nonlin-
ear effects are weak and the JC nonlinearity acts as an
almost ideal beam splitter. The different behavior at
small and large detuning is analyzed in more detail in
Figures 4(c) showing cuts through the inset in 4(b) (in-
dicated by vertical lines): strong deviations from the lin-
ear result (dotted lines) are observed for small detuning
(upper panel), but can be neglected for ∣δ∣ ≫ g (lower
panel). The zero-time delay cross correlation function
g
(2)
12 (0) thus provides a useful signature for path entan-
glement only in the dispersive regime. Note that for an
ideal HOM effect in the dispersive regime with γ = 0 the
wave-packet width should also tend to zero. The nonlin-
ear effects at small detuning will be discussed in the next
subsection further below.
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FIG. 4: (a) Normalized cross correlation at zero time delay
g
(2)
12
(0) as defined in Eq. (37) as a function of detuning δ and
two-photon energy e0 = 2ν0 − 2ωc as defined in the previous
figure caption. (b) Inset in (a) (see black box) together with
the two photon energies depicted in Fig. 2(a) (dashed and
dotted lines with the same notation as in Fig. 2(a)). (c) Cuts
through (b) at constant detuning (indicated with vertical lines
in (b)) for wave packets of width ξ/κ = 0.1. The dotted
lines correspond to the linear approximation, where corre-
lation contributions due to the T -matrix elements in Eq. (26)
are neglected. The arrows correspond to 2Ω(1,2)+ . (d) Time-
dependence of the normalized second-order cross correlation
function for the parameter values indicated by the star in the
lower panel of (c), i.e., for almost ideal HOM conditions, but
for different time delay ∆t of the initial single-photon wave
packets. The cross correlation function displays characteristic
side peaks at time delay ∆t, whose height, i.e. g(2)
12
(τ = ∆t)
converges at large time delays (∆t≫ 1/ξ ≫ 1/κ), i.e. for com-
pletely distinguishable photon wave packets, towards 1/2 (see
text for explanation).
The quantum interference process leading to the HOM
effect relies on the indistinguishability of the two photons
at zero time delay and equal energies. Thus, a time delay
between the incoming photons leads to distinguishability
and suppresses the HOM interference. Figure 4 (d) shows
the cross correlation function with a time delay ∆t of
the two photon wave packets in the dispersive regime for
parameter settings corresponding to the star in the lower
panel of Figs. 4(c) (HOM condition). We observe broad
peaks centered at the time delay τ ≈ ∆t, where the first
photon has maximal overlap with the second. The overall
8width ∼ 1/ξ of the side peak is given by the width of the
wave packet while the cusp like feature on top arises due
to the coupling to the waveguides ∼ 1/κ and is suppressed
in the limit ξ/κ→ 0. For large time delay and sharp wave
packets such that ∆t ≫ 1/ξ ≫ 1/κ, the cross correlation
function is given by
G
(2)
12 (τ) ≈ ξ8 (e
−ξ∣τ−∆t∣
+ e−ξ∣τ+∆t∣) , (39)
which yields the asymptotic value g
(2)
12 (τ = ∆t) ≈ 1/2 in
agreement with Figure 4(d). The asymptotic value of
1/2 originates from the fact, that only one of the two
classical processes contributes to G
(2)
12 (τ = ∆t) while the
normalisation in Eq. (38) is obtained by summing over
both classical paths.
The appearance of a maximum in the cross correlation
function at finite times thus serves as a measure for the
distinguishability of the two photons due to an initial
time delay and can be used to benchmark the two sin-
gle photon sources attached to both transmission lines.
These findings, valid in the dispersive regime, are consis-
tent with recent experimental circuit QED results for a
static, linear 50/50 beam splitter in Refs. [13, 14].
B. Signatures of photon nonlinearities
In the previous subsection, we mostly discussed
signatures of the HOM effect in the dispersive regime,
where nonlinear effects can be neglected. We will now
focus on a discussion of the resonant regime, where
photon nonlinearities are strong.
When both photons are resonant with the one-
polariton state (2ν0 = 2ε1,±), dipole-induced trans-
parency with reflection amplitude rν=ε1,± = 0 (cf.
Fig. 2 (b)) would lead to complete and independent
transmission of the two particles in the absence of any
correlations, i.e., if one neglects the contributions of
the T -matrix in Eq. (35). However, when qubit and
cavity are on resonance (δ ≈ 0), those contributions
dominate and lead to photon blockade. In that case, a
single photon already present in the cavity blocks the
transmission of a second photon, which is thus reflected
and preferentially drags the cavity-photon into the
same waveguide leading to bunched correlations with
g
(2)
11 (0)≫ 1 (see Fig. 5(a)). Interestingly, when the total
energy of both photons matches the two-polariton state
energy (2ν0 = ε2,±), bunched as well as anti-bunched
correlations can be observed, depending on the value of
the detuning parameter [27].
Note, that this behaviour should be contrasted with
the case, where both photons impinge on the qubit-cavity
system from the same waveguide, i.e., for an incoming
state ∣ψin⟩ ∼ ∬ dν1dν2f (1)ν1 f (2)ν2 a†1ν1a†1ν2 ∣0⟩. This case is
shown in Fig. 5(c), where photon blockade at 2ν0 = 2ε1,±
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FIG. 5: (a) Normalized auto-correlation function g
(2)
11
(0)
at zero time delay as defined in Eq. (37) as a function of
detuning δ and two-photon energy e0 = 2ν0 − 2ωc for two
photons incoming from different waveguides (ξ/κ = 0.1). (b)
Time-dependence of the auto-correlation function g
(2)
11
(τ) for
the case of bunching (upper panel, indicated by star in (a))
and anti-bunching (lower panel, indicated by circle in (a)).
(c) Normalized correlation function of transmitted (left) and
reflected (right) photons g˜
(2)
22
(0) and g˜
(2)
11
(0) at zero time delay
for two photons incoming from the same waveguide 1. Here,
the dotted lines indicate the resonances at 2ε1,+ and ε2,+, with
the same notation as in Fig. 2(a). Note, that the correlation
functions are cut-off at an arbitrarily chosen value g˜(2)
ii
(0) < 5.
leads to bunching in reflection (right panel), but anti-
bunching in transmission (left panel). In the latter case,
bunching correlations are found for energies lying be-
tween the two anti-bunched regions. These findings are
in agreement with previous theoretical [15] as well as ex-
perimental studies [25].
VI. CONCLUSION
In this work, we have studied in detail the inter-
play of quantum interference leading to the HOM effect
and effective photon-photon interactions in a waveguide
QED system, where two single photon wave packets are
incident on a Jaynes-Cummings nonlinearity from two
separate waveguides. For this purpose, we have calcu-
lated the cross and auto-correlation functions of the two
9waveguides analytically based on a scattering matrix ap-
proach. A central result of our study is that the pro-
posed setup can be used as an in-situ tunable HOM in-
terferometer in the dispersive regime for already moder-
ate detuning between the two-level system and the cavity
and rather sharp wave packets of width ξ smaller than
the cavity decay width κ. In the opposite regime, where
two-level system and cavity are on resonance, HOM inter-
ference is washed out and signatures of photon blockade
due to effective photon-photon interactions induced by
strong coupling of photons and two-level system, man-
ifest as bunched correlations in the second-order auto-
correlation function.
Appendix A: Derivation of the scattering matrix
1. Even/odd modes
To calculate the one and two-photon scattering matrix
in (9) and (10), it is convenient to first decompose the
modes of waveguides 1 and 2 into even and odd modes
[22, 23] by introducing
a(e,o)ν = (a1ν ± a2ν)/
√
2 (A1)
and rewriting the waveguide Hamiltonian as Hw =H
(e)
w +
H
(o)
w with H
(e,o)
w = ∫ dν ν a(e,o)†ν a(e,o)ν . With this trans-
formation only the even modes couple to the cavity via
V =
√
2gw ∫ dν (b†a(e)ν + ba(e)†ν ) , (A2)
and thus the Hamiltonian for the odd modes becomes
trivial. The scattering matrix associated with the odd
modes is given simply by the identity matrix. The Hamil-
tonian in the even modes,
H(e) =H(e)w +HJC + V, (A3)
then describes one chiral mode linearly coupled to the
cavity. The scattering matrix for the even modes is
nontrivial and can be calculated using the formalism in
Ref. 18 (see next section).
Once we have calculated the one photon scattering ma-
trices in the even subspace, i.e., S
(e)
ν′ν = ⟨0∣a(e)ν′ Sa(e)†ν ∣0⟩,
we transform back to physical space via the relations
S11ν′ν = S
22
ν′ν =
1
2
(S(e)ν′ν + δν′ν) (A4)
S12ν′ν = S
21
ν′ν =
1
2
(S(e)ν′ν − δν′ν) , (A5)
where the delta function on the right hand side
stems from the trivial contribution of the odd modes.
From the two-photon scattering matrix in the even
space S
(e)
ν′
1
ν′
2
ν1ν2
= ⟨0∣a(e)
ν′
2
a
(e)
ν′
1
Sa
(e)†
ν1 a
(e)†
ν2 ∣0⟩ = S(e)ν′
1
ν1
S
(e)
ν′
2
ν2
+
S
(e)
ν′
1
ν2
S
(e)
ν′
2
ν1
+ iT (2e)
ν′
1
ν′
2
,ν1ν2
we obtain the two-photon scatter-
ing matrix in Eq. (10) from the results above together
with the simple relation
T (2)
ν′
1
ν′
2
,ν1ν2
= T (2e)
ν′
1
ν′
2
,ν1ν2
/4 . (A6)
2. T -matrix
To calculate the single- and two-photon scattering ma-
trix of the even modes we make use of the formalism
introduced in Ref. 18. The scattering matrix is conve-
niently expressed through the T -matrix which contains
the non-trivial part of the scattering, i.e.,
S = 1 − 2pii δ(Ein −Eout)T (Ein) (A7)
with the energies Ein and Eout of the incoming resp. out-
going state. The T -matrix can be expressed through the
full Green’s function Gˆ(ω) = (ω −H + i0+)−1 with H(e)
defined in Eq. (A3) as
T (ω) = V + V Gˆ(ω)V . (A8)
The series representation of the full Green’s function
Gˆ(ω) = ∑∞n=0G0(ω) [V G0(ω)]n in terms of the free
Green’s function G0(ω) = (ω − H0 + i0+)−1 and the in-
teraction V given in Eq. (A2) yields the correspond-
ing series representation of the T -matrix. For pho-
ton number conserving scattering processes we obtain
T (ω) = V ∑∞n=1 [G0(ω)V ]n. The main result of Ref. 18
is to show that the T -matrix for an incoming N -photon
state can be expressed as
T (N)(ω) = ⋮G−10 G˜ (V G˜)2N G−10 ⋮ , (A9)
with the dressed Green’s function
G˜(ω) = (ω −H0 −Σ)−1 , (A10)
where the operator Σ (of the form of a self-energy) ac-
counts for the coupling of the atomic system to the
waveguide and for the linear coupling in Eq. (A2) attains
the remarkably simple form
Σ = −2ipig2wb
†b . (A11)
The operation ⋮( )⋮ is a version of the normal ordering,
which removes contractions in pairs of V ’s, but does not
account for contractions between V and H0. The latter
can be effectively accounted for by shifts in ω-arguments
of the dressed Green’s functions G˜ occurring in the ex-
pansion (A9).
3. Scattering matrix for even modes
We are now in the position to calculate, e.g., the one
photon scattering matrix elements
S
(e)
ν′ν = ⟨0∣a(e)ν′ Sa(e)†ν ∣0⟩ = δ(ν′ − ν) (A12)
−2piiδ(ν′ − ν)⟨0∣a(e)ν′ T (1)(ν)a(e)†ν ∣0⟩
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from the result in (A9), i.e.,
T (1)(ω) = ⋮G−10 (ω)G˜(ω)V G˜(ω)V G˜(ω)G−10 (ω) ⋮ . (A13)
Here, the combination G˜(Ein)G−10 (Ein) at the end of the
operator chain on the r.h.s of Eq. (A13) acts as a pro-
jector on the dark states (non-broadened states). This
can be seen from the expression G˜(Ein)G−10 (Ein)∣ψin⟩,
which is zero for any incoming eigenstate of H0 since
G−10 (Ein) = (Ein −H0) except when G˜(Ein) = G0(Ein),
i.e., for the non-broadened states with Σ∣ψin⟩ = 0. In the
case of the JC nonlinearity, the only non-broadened state
is the ground state of the combined cavity-qubit system
∣ψ0⟩ = ∣0, ↓⟩, such that we can replace G˜(Ein)G−10 (Ein)
by the projector P0 = ∣ψ0⟩⟨ψ0∣. The same is true
for G−10 (Ein)G˜(Ein) on the left of the expression (as
Ein = Eout). By expressing the dressed Greens func-
tion in (A10) through the projector P˜nσ = ∣ψ˜nσ⟩⟨ψ˜nσ ∣
on the Jaynes-Cummings resonances ∣ψ˜nσ⟩ (given by
the expressions for ∣ψnσ⟩ in (5) with the angle θn re-
placed by θ˜n with ωc → ω˜c = ωc − iκ) as G˜(ω) =
∑nα P˜nα(ω−Hw− ε˜nα)−1 and calculating the correspond-
ing matrix elements in (A13), one arrives at the final
result S
(e)
ν′ν = s
(e)
ν δ(ν′ − ν) with
s(e)ν =
(ν − ε˜∗1+)(ν − ε˜∗1−)
(ν − ε˜1+)(ν − ε˜1−) . (A14)
A similar calculation for the two-photon T -matrix
T (2)(ω) = ⋮P0V G˜(ω)V G˜(ω)V G˜(ω)V P0 ⋮ (A15)
yields after some lengthy algebra the result stated in
Eq. (17).
Appendix B: Strongly dispersive regime: Limit of
Kerr nonlinearity and TLS scattering matrix
We show here, that in the dispersive limit δ ≫ g the
JC scattering matrix given by Eqs. (13), (14), and (17)
can be simplified to the scattering matrix of the Kerr
nonlinearity for incoming photon energies ν0i ≈ ωc and
to the scattering matrix of a TLS for energies ν0i ≈ ωq.
[The limit −δ ≫ g can be treated analogously.]
Let us start with the Kerr regime: We approximate
the energies (7) as εn+ = ωc + ng
2/δ − n2g4/δ3, such that
the two lowest levels effectively form a Kerr nonlinearity
with ε1+ = ω¯c and ε2+ = 2ω¯c+U with ω¯c ≈ ωc+g
2/δ−g4/δ3
and U ≈ −2g4/δ3. The energies of the off-resonant states
∣ψn−⟩ are approximated as εn− ≈ nωc−δ. To approximate
the single-photon scattering matrix coefficients tν and rν
given by Eqs. (13) and (14), it is useful to note that they
can be written as rν = (s(e)ν +1)/2 and tν = (s(e)ν −1)/2. As
ε˜1− is off-resonant, we approximate ν − ε˜1− ≈ ε1+ − ε˜1− ≈ δ
which leads to s
(e)
ν = (ν − ω¯c − iκ)/(ν − ω¯c + iκ) in agree-
ment with Ref. 24 and to rν = (ν − ω¯c)/(ν − ω¯c + iκ) and
tν = −iκ/(ν − ω¯c + iκ). In the same way, we approxi-
mate the T -matrix given by Eq. (17): Only the single-
photon resonances at energy ε1+, the two photon reso-
nances at energies ε2+, as well as the energy dependence
in ν1+ν2−2ε1+ are relevant. In all the other factors which
do not contain εn+ we approximate νi ≈ ε1+ and obtain
to leading order in g/δ
T (2)
ν′
1
ν′
2
,ν1ν2
≈ −
κ2U
pi
ν1 + ν2 − 2ω¯c + 2iκ
ν1 + ν2 − 2ω¯c −U + 2iκ
(B1)
×
δν′
1
+ν′
2
,ν1+ν2
∏i=1,2(ν′i − ω¯c + iκ)(νi − ω¯c + iκ)
,
with ω¯c and U as introduced above.
For incoming photon energies ν0i close to ε1−, we pro-
ceed similarly. In this regime, only the resonance at ε˜1−
is relevant which we approximate to leading order in g/δ
by ε˜1− = ω¯q − iκ¯ with ω¯q = ωq − g
2/δ and κ¯ = κg2/δ2.
All the other factors which do not contain ε˜1− are off-
resonant and approximated by ε˜n+ ≈ εn+ ≈ nωc and
ε˜n− ≈ εn− ≈ nωc − δ for n > 1. Approximating ν − ε˜1+ ≈ −δ
in Eq. (A14), we obtain s
(e)
ν = (ν−ω¯q−iκ¯)/(ν−ω¯q+iκ¯), in
agreement with Ref. 22. Similarly as above, we approxi-
mate νi in all terms by ωq, except for the single photon
resonance at ε˜1− and in the factor ν1 + ν2 − 2ε˜1−, and
obtain to leading order in g/δ
T (2)
ν′
1
ν′
2
,ν1ν2
≈
κ¯2
pi
δν′
1
+ν′
2
,ν1+ν2(ν1 + ν2 − 2ω¯q + 2iκ¯)
∏i=1,2(ν′i − ω¯q + iκ¯)(νi − ω¯q + iκ¯) , (B2)
in agreement with the result for the TLS in Ref. 22.
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